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A theory of electromagnetic fluctuations for metallic surfaces and van der Waals
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A new general expression is derived for the fluctuating electromagnetic field outside a metal sur-
face, in terms of its surface impedance. It provides a generalization to real metals of Lifshitz theory
of molecular interactions between dielectric solids. The theory is used to compute the radiative heat
transfer between two parallel metal surfaces at different temperatures. It is shown that a measure-
ment of this quantity may provide an experimental resolution of a long-standing controversy about
the effect of thermal corrections on the Casimir force between real metal plates.
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One of the most intriguing predictions of Quantum
Electrodynamics is the existence of irreducible fluctua-
tions of the electromagnetic (e.m.) field in the vacuum.
It was Casimir’s fundamental discovery [1] to realize that
the effects of this purely quantum phenomenon were not
confined to the atomic scale, as in the Lamb shift, but
would rather manifest themselves also at the macroscopic
scale, in the form of a force of attraction between two par-
allel discharged metal plates at distance L. By modern
experimental techniques the Casimir force has now been
measured with an accuracy of a few percent (see Refs.[2]
and Refs. therein). For a recent review on both the-
oretical and experimental aspects of the Casimir effect,
see Ref.[3]. A few years after Casimir’s seminal paper,
E.M. Lifshitz developed the general theory of molecular
attractive forces between dielectric bodies [4] based on
Rytov’s theory of e.m. fluctuations [5]. In this theory,
the physical origin of the attraction resides in the fluctu-
ating e.m. field which is always present in the interior of
any absorbing medium, and extends beyond its bound-
aries partly in the form of propagating waves and partly
as evanescent waves. The resulting expression of the at-
tractive force automatically includes both non-retarded
and retarded effects, as well as the effect of the bodies
temperature . Moreover, for zero temperature and in the
limit ǫ(ω) =∞, it reproduces the force found by Casimir
for two perfect mirrors.
The basic assumption in Lifshitz theory is that one
can describe the propagation of e.m. fields inside the ma-
terials by means of a dielectric constant. As it is well
known [6, 7], this is not always the case for metals, be-
cause when the penetration depth δ of the e.m. field be-
comes comparable or larger than the free mean path of
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the conduction electrons, there are non-local correlations
in the material, and it is no longer possible to use the
simple form of the wavevector derived from a dielectric
response (anomalous skin-effect). It is well known, how-
ever that in a wide range of frequencies, including the
anomalous region, the fields outside a metal can be accu-
rately described by means of the surface impedance ζ(ω)
introduced by M. A. Leontovich [7]. We recall that the
surface impedance ζ relates the tangential components
Et and Bt of the e.m. fields on the surface of the metal.
For isotropic surfaces:
Et = ζ(ω) [Bt × n] , (1)
where n in the inward unit normal to the surface. For an
ideal metal ζ = 0, while for a good conductor |ζ| ≪ 1.
The purpose of this Letter is to develop the theory of
e.m. fluctuations for metal surfaces. The main result is
a new formula for the correlation functions of the ran-
dom e.m. fields that are present outside a metal surface
in thermal equilibrium, as a result of the fluctuating mi-
croscopic currents in the interior of the metal. A key
feature is that the correlation functions are expressed in
terms of the surface impedance, and therefore they apply
to the anomalous region, as well as to superconductors
(extreme anomalous effect).
Let the metal occupy the z < 0 half-space. We consider
the Fourier decomposition of the e.m. field outside the
metal. For the electric field of TE modes, we write:
~E(TE) =
1
(2π)3/2
∫
∞
0
dω
∫
d2k⊥ a(ω,~k⊥)~e⊥e
i(~k·~x−ωt)+c.c. ,
(2)
where ~k⊥ is the tangential component of the wave-vector
~k and ~e⊥ is a unit vector perpendicular to the plane
formed by ~k⊥ and the normal to the metal surface. The
third component of the wave-vector kz =
√
ω2/c2 − k2
⊥
is defined such that Re(kz) ≥ 0 and Im(kz) ≥ 0. In
2this way the external field appears as a superposition of
propagating waves (p.w.) travelling away from the sur-
face (for k⊥ < ω/c) and of evanescent waves (e.w.) (for
k⊥ > ω/c) exponentially dying out away from the sur-
face. Similarly, we write for the magnetic field of TM
modes:
~B(TM) =
1
(2π)3/2
∫
∞
0
dω
∫
d2k⊥ b(ω,~k⊥)~e⊥e
i(~k·~x−ωt)+c.c. .
(3)
Our new formulae for the correlation functions of the
fluctuating e.m. field are expressed in terms of the statis-
tical averages of the products of the amplitudes a(ω,~k⊥)
and b(ω,~k⊥):
〈a(ω,~k⊥) a∗(ω′, ~k′⊥)〉 =
4π h¯ ω
c
coth
(
h¯ω
2kT
)
Re(ζ)
|1 + ζ kz |2 δ(ω − ω
′) δ(~k⊥ − ~k′⊥) , (4)
〈b(ω,~k⊥) b∗(ω′, ~k′⊥)〉 =
4π h¯ ω
c
coth
(
h¯ω
2kT
)
Re(ζ)
|ζ + kz |2 δ(ω − ω
′) δ(~k⊥ − ~k′⊥) , (5)
〈a(ω,~k⊥) a(ω′, ~k′⊥)〉 = 〈b(ω,~k⊥) b(ω′, ~k′⊥)〉 = 〈a(ω,~k⊥) b∗(ω′, ~k′⊥)〉 = 〈a(ω,~k⊥) b(ω′, ~k′⊥)〉 = 0 , (6)
with k Boltzmann’s constant. We obtained the above
formulae by considering p.w. with frequencies ω belong-
ing to the domain of the normal skin effect, for which
dielectric and surface impedance b.c. give coinciding re-
sults provided only that ǫ′′ ≫ 1, with ǫ′′ the imaginary
part of ǫ. In this region [7] one can take ζ =
√
µ/ǫ, with
µ the magnetic permeability (we took µ = 1) and then,
for p.w. in this domain, Eqs.(4-6) coincide to high accu-
racy with the analogous expressions derived from Lifshitz
theory. We stress however that the validity of Eqs. (4-6)
extends to the anomalous region, where Lifshitz theory
is inapplicable, and therefore they constitute a new non-
trivial generalization of that theory. Details will be given
elsewhere.
As a first application of Eqs.(4-6), we have obtained a
new derivation of the Casimir force between two metallic
plates. Existing derivations based on surface impedance
b.c., as found in the literature (see for example Ref.[8]),
use a mode analysis to evaluate the Casimir free energy
of the cavity, much in the spirit of the original Casimir’s
paper. The delicate thing in this approach is to justify
the validity of the result in the case of dissipative mir-
rors, which requires consideration of an auxiliary electro-
dynamic problem (see the second of Ref. [8] for details).
Using Eqs. (4-6), we can however obtain the Casimir
force in much the same way used by Lifshitz, i.e. by
computing the statistical average of the z-component of
the Maxwell stress tensor inside the gap, resulting from
fluctuating e.m. fields, at a point close to the surface
of either plate. Dissipation poses no problem now, and
is taken into account from the start. The computation
is rather lengthy and gives the following result for the
spectral density Fω of the attraction force F per unit
area (F =
∫∞
0 dω Fω):
Fω = coth
(
h¯ω
2kT
)
h¯ω3
2π2c3
Re
∫
p2dp
∑
α
[(Cα−1)−1+1/2] ,
(7)
where
Cα = e
−2ip ω L/c/(r(1)α r
(2)
α ) , α = TE, TM. (8)
Here p = c kz/ω and the integration with respect to p is
along the real axis from 1 to 0 (corresponding to p.w.)
and thence along the imaginary axis to i∞ (correspond-
ing to e.w.), while r
(1)
α and r
(2)
α are the impedance reflec-
tion coefficients for mirror 1 and 2 respectively:
r
(i)
TM =
c kz/ω − ζi
c kz/ω + ζi
, r
(i)
TE =
ζi c kz/ω − 1
ζi c kz/ω + 1
. (9)
Eqs. (7) and (8) are of the same form as those obtained
by Lifshitz, apart from the expression of the reflection
coefficients. After disregarding in Eq.(7) the terms with
1/2, which give a divergent L-independent contribution,
and after a rotation of the integration contours of ω and
p, our expression for F becomes identical to that in [8].
The second application of Eqs.(4-6) that we consider
is new and much more interesting, as it relates to the
presently controversial issue of the modification of the
Casimir force arising from a non zero temperature of the
mirrors, when the latter are treated as real metals. The
debate was raised by the findings of Refs. [9], showing
that the combined effect of temperature and finite con-
ductivity leads to large deviations from the ideal metal
case. This result was obtained within the framework of
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FIG. 1: Plots of radiative heat transfer between two Al plates
(in erg/(s cm2)) at temperatures T1 = 323 K and T2 = 300
K, as a function of separation (in microns), according to Lif-
shitz theory (dashed line) and surface impedance approach
(continuous line).
Lifshitz theory, by using the Drude dielectric function
ǫD(ω)
ǫD(ω) = 1− Ω2p/[ω (ω + iγ)] (10)
to describe the metal. Finite conductivity is taken into
account by allowing a non-vanishing value for the relax-
ation frequency γ. The results of Refs. [9] have been
criticized by several authors, and supported by others.
There is no space here to discuss the matter, and we ad-
dress the reader to Refs. [8] and [10] for a discussion of
the extended literature on this topic.
Of particular interest to us is the criticism of Ref.[9]
in the second of Refs.[8], where it is argued that the
dielectric model, in combination with the Drude dielec-
tric function, fails to describe the thermal Casimir force
even in the domain of the normal skin effect, and that
also in this region the appropriate description is pro-
vided by impedance b.c.. Further arguments in favor of
this point of view were found in [11], where the spec-
trum of finite temperature corrections to the Casimir
force is studied, for metallic plates of finite conductiv-
ity. This study shows that the large deviations from the
ideal metal case in [9] arise from thermal TE e.w. of low
frequencies (ω = 1010 − 1013 rad/s for L = 1µm), for
which the description of the plates as bulk dielectrics is
not valid. It is also shown there that if surface impedance
b.c. are used, with ζ = 1/
√
ǫD (which is the expression
valid in the domain of the normal skin effect), instead
of the large repulsive thermal correction from TE e.w.
found in [9], one obtains an attractive correction, of much
smaller magnitude, while no appreciable differences are
found both in the TM and in the TE p.w. sectors [16].
The conclusion of this study is that the conflicting state-
ments on thermal corrections to the Casimir force, may
be traced back to different magnitudes for the thermal
TE e.w. correction, in the two approaches.
In view of these findings, it would be important to de-
vise new experiments to probe the effectiveness of the
two approaches to describe physical effects of thermal
TE e.w., in the frequency range that is relevant for the
Casimir effect. Optical data are of no help here, since
they refer to p.w., and therefore give no information on
e.w.. A key remark now is that the relevant e.w. are
not vacuum fluctuations, as in the Casimir force at zero
temperature, but rather real thermal excitations. Now,
it is known that thermal e.w. play an important role in
the heat transfer S between two closely spaced metal sur-
faces, at temperatures T1 and T2 [13]. It is therefore very
interesting to see what is the prediction of impedance
theory for S, and to compare it with the result from Lif-
shitz theory. The computation of S goes through the
same steps as in Lifshitz’ computation of the Casimir
force [13]. One assumes that each plate separately is in
local thermal equilibrium, and emits a fluctuating e.m.
field according to our Eqs. (4-6), with T the temper-
ature of the emitting plate. Since thermal e.m. fields
from plates 1 and 2 are uncorrelated, the radiated power
S can be obtained by subtracting incoherently the aver-
age Poynting vectors for the multiply reflected radiation
fields originating from either plate. Apart from the fact
that we obviously evaluate the average Poynting vector
instead of the Maxwell stress-tensor, the only difference
with respect to the computation of thermal corrections
to the Casimir force is that the fluctuating fields from
plate 1 and 2 are relative now to distinct temperatures
T1 and T2. Apart from this, these thermal fields have the
same expression as in the Casimir force computation, at
nonzero temperature. Our final formula for the power S
(per unit area) has the form of a difference between two
terms, one for each plate:
S = − 4h¯
π2c2
∫ ∞
0
dω ω3
(
1
exp(h¯ω/kT1)− 1 −
1
exp(h¯ω/kT2)− 1
)
Re(ζ1)Re(ζ2) Re
∫
dp p |p|2 |e2ipLω/c|
(
1
BTE
+
1
BTM
)
(11)
where the contour of integration for p is the same as in Eq.(7), and the quantities BTE/TM are defined as:
BTE = |(1+pζ1)(1+pζ2)−(1−pζ1)(1−pζ2) exp(2ipLω/c)|2 ,
(12)
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FIG. 2: Plot of the difference s
(imp)
TE e.w.
(ω) − s
(Lif)
TE e.w.
(ω)
between TE e.w. contributions to the spectra s(imp)(ω)
(impedance theory) and s(Lif)(ω) (Lifshitz theory) of radia-
tive heat transfer between two Al plates (in erg/(rad cm2))
at temperatures T1 = 323 K and T2 = 300 K, as a function of
log10(ω). L = 0.3 µm.
BTM = |(p+ζ1)(p+ζ2)−(p−ζ1)(p−ζ2) exp(2ipLω/c)|2 .
(13)
In Fig. 1 we show plots of the radiated power (in erg/(s
cm2)), for two plates of Al as a function of the separa-
tion L (in microns), for T1 = 323 K and T2 = 300 K. In
parallel with the analysis of thermal corrections to the
Casimir force described earlier, the figure compares the
result from Lifshitz theory, Eq. (19) of Ref. [13], with
the Drude dielectric function Eq. (10) (dashed line), with
our Eq. (11), with ζ(ω) = 1/
√
ǫD(ω) (solid line). In both
cases, we took h¯Ωp = 11.5 eV and h¯γ = .05 eV. We see
that impedance theory and Lifshitz theory give rather
different predictions for S (for L = 0.3µm, impedance
theory gives for S a value approximately 17 % larger
than Lifshitz theory ). We observe that in the considered
submicron separation range, heat transfer occurs mainly
via TE e.w.. The smaller contribution from p.w. and
from TM e.w. is practically the same for the two theo-
ries, to an accuracy of a few parts in ten thousand, and
therefore the difference between the two curves in Fig. 1
arises exclusively from TE e.w.. For larger separations
the relative weight of e.w. with respect to p.w. decreases,
and the two theories lead to very similar results. Al-
ready at one micron the results from Lifshitz theory and
impedance theory differ only by four percent. We eval-
uated the contribution sTE e.w.(ω) from TE e.w. to the
spectra s(ω) of the radiated power (S =
∫∞
0
dω s(ω)) for
the two theories and in Fig. 2 we plot the difference
s
(imp)
TE e.w.(ω) − s(Lif)TE e.w.(ω), as a function of log10(ω), for
L = 0. 3µm. We see that two spectra differ significantly
precisely in the low-frequency region which, according to
[11] is at the origin of the controversial thermal correc-
tions to the Casimir force. As pointed out in Ref.[11],
in this frequency domain the penetration depth is of the
same order as the mean free path of the conduction elec-
trons. Therefore the dielectric model for the plates is
not valid, and a more relistic description is provided by
surface impedance b.c.. It is clear that an accurate mea-
surement of S would provide strong indications of which
approach is preferable, a knowledge which could then
be used in the evaluation of the thermal Casimir effect.
An experiment measuring the radiative heat transfer be-
tween two chromium plates is described in Ref. [14]. Even
though the author of Ref. [14] claims to have obtained
some evidence for proximity effects related to e.w., his
measurements were performed mostly for plates separa-
tions larger than one micron, where we expect small dif-
ferences between the two theories. Moreover, as the au-
thor does not quote the area of the plates, no comparison
is possible with his data. It would therefore be desirable
to repeat the measurements for submicron separations,
and for metals that are used in Casimir experiments.
In conclusion, we have presented new formulae for the
correlation functions of e.m. fluctuations present outside
a metal. The formulae involve the surface impedance of
the metal, and are therefore applicable in the anomalous
region, as well as in the extreme anomalous case (super-
conductors), where Lifshitz theory is not valid. As an
application, we have evaluated the radiative heat trans-
fer between two metal plates at different temperatures
and we have shown that a measurement of this quan-
tity should provide enough information to settle experi-
mentally recent controversies about the thermal Casimir
effect. We plan to apply our results to superconduct-
ing cavities, that were proposed recently [15] as a tool
to measure the variation of Casimir energy across the
superconducting phase transition.
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